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Abstract

Inorganic lead free double perovskites have a wide range of applications in low

cost photovoltaic and optoelectronic devices. In this study, the structural, optoelec-

tronic, and thermoelectric properties of lead free halide double perovskites Cs2KBiX6

(X = Cl, Br, I ) are investigated using the full potential linearized augmented plane

wave (FP-LAPW) method within the density functional theory (DFT) framework,

as implemented in the WIEN2k code. The structural stabilities of these materials

are ensured by the negative formation energy, Goldschmidt’s tolerance factor and

octahedral factor. The compounds have a perfect cubic symmetry of space group

Fm3m (225). The electronic configuration reveals the semiconducting nature of the

compounds, with bandgaps of 4.00, 3.42, and 2.57 eV for Cs2KBiCl6, Cs2KBiBr6,

and Cs2KBiI6 respectively. The dielectric functions, absorption coefficient, conduc-

tivity, reflectivity, and refractive index are calculated to assess the optical properties.

These materials exhibit prominent absorption peaks and high optical conductivity

in the ultraviolet region, indicating their suitability for optoelectronic devices such

as ultraviolet sensors, detectors, and light emitting diodes (LEDs). Additionally,

the BoltzTraP package is employed to determine the thermoelectric characteristics

of Cs2KBiX6 (X = Cl, Br, I ), revealing high electrical conductivity, positive See-

beck coefficient and high figure of merit. These findings suggest that the materials

have promising potential for use in thermoelectric devices, including thermoelectric

generators and coolers.
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Chapter 1

Introduction

People are increasingly gravitating toward new technologies as civilization advances.

Most technological progress relies on a steady and continuous supply of energy.

Traditional energy sources such as fossil fuels which are limited in nature, can not

keep up with the increasing energy demands driven by rapid economic growth [1–

3]. Moreover, conventional energy sources are non-renewable and release various

harmful gases and pollutants, posing risks to the environment and contributing to

global warming [4]. In this scenario, eco-friendly renewable energy sources with a

steady supply of energy are needed to tackle these problems [5]. In recent years,

double perovskite materials have garnered significant attention from both theoretical

and experimental perspective due to their unique properties such as tunable band

gaps, high absorption coefficients, low effective masses, excellent carrier mobility and

charge diffusion, and high figure of merits [6, 7]. Double perovskite materials have

recently sparked significant interest due to their potential applications in a variety

of disciplines, including solar cells, thermoelectric generators, light emitting diodes

(LEDs), ultraviolet detectors, sensors, lasers, energy converters, and numerous other

fields [8–12].

The word double perovskite is derived from the word perovskite. The term dou-

ble perovskite describes a specific crystal structure that is presented by the general
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Introduction

formula A2BB′X6, where A stands for an alkali earth metal, B and B′ are two dif-

ferent transition metal and X denotes an anion [13]. Double perovskite materials

with lead exhibit excellent properties due to their well-matched direct band gap,

high absorption coefficient, effective masses of electrons and holes, and long car-

rier diffusion lengths [14–16]. Lead based perovskite are widely used in solar cells

and photovoltaic devices due to their ease of fabrication and high power conversion

efficiency exceeding 20% [17]. However, despite these advancements, lead-based

materials are not sustainable in the long run due to their toxic impact on the envi-

ronment [18]. Therefore, numerous experimental and theoretical investigations have

been undertaken to adress this issue by substituting the lead with another suitable

element, ensuring both efficiency and stability remain uncompromised. Alternative

eco-friendly cations like bivalent Sn2+ and Ge2+ are being considered due to their

similar ion radius and electronic configuration compare to bivalent Pb2+ [19–21].

Unfortunately, Sn2+ and Ge2+ tend to oxidize to Sn4+ and Ge4+ respectively, lead-

ing to reduced stability [22, 23]. Due to stability concerns of Sn and Ge based

perovskites [24, 25] and the scarcity of suitable suitable alternative bivalent lead,

trivalent cations are viable for forming double perovskites [26]. On the other hand,

Slavney et al. [27] successfully synthesized Cs2AgBiBr6, a lead free bismuth based

double perovskite that exhibits great promise for applications in various fields which

is related to solar energy conversion, such as photovoltaic [28], photocatalytic [29],

and photo-detector [30, 31]. Their findings indicate that this material possesses an

indirect band gap of approximately 1.95 eV. Importantly, compared to lead based

perovskites, Cs2AgBiBr6 exhibits enhanced long-term stability. The double per-

ovskites Cs2AgBiCl6 and Cs2AgBiBr6 have been studied by McClure et al. [32] and

their corresponding indirect bandgaps are reported to be 2.19 eV and 2.77 eV, re-

spectively. This findings suggest that, both compounds remain stable in the presence

of air and also explore that bismuth based double perovskite semiconductors could

serve as a more environmentally sustainable option compared to lead based halide

double perovskite semiconductor materials.

M. Waqas Iqbal et al. [33] conducted a study on the lead free double perovskites

K2AgBiCl6 and K2AgBiBr6, which display indirect bandgaps of 2.3 eV and 1.5 eV,

2



Introduction

respectively. Their findings suggest that, these materials are potential candidates for

renewable energy fields, specially for visible light solar cells. The double perovskites

K2AgBiI6, Rb2AgBiI6, and Cs2AgBiI6 have been investigated by Q. Mahmood et

al. [34]. The reported bandgaps for these materials are 1.35 eV, 1.30 eV, and 1.26

eV, respectively which fall in the ideal range that is extremely important for solar

cells. Their study also indicates that these three materials have excellent figure

of merit at room temperature and most of the light energy is absorbed in visible

region. So, these double perovskites materials are promising candidates for thermo-

electric generators and solar cell applications. Phase diagrams and stability of lead

free halide double perovskites Cs2BB′X6, where B = Sb and Bi, B′ = Cu, Ag and

Au, and X = Cl, Br, and I are studied by M.R. Filip et al. [35]. Recently Shah

et al. [36] has been investigated the optoelectronic and thermoelectric properties of

double perovskites Cs2NaBiCl6, Rb2NaBiCl6, and K2NaBiCl6. Their studies sug-

gest that, these materials have significant potential for optoelectronic applications

such as ultraviolet sensors and detectors due to the prominant absorption peaks in

ultraviolet region, low reflection and high optical conductivity and also promising

for thermoelectric applications because of their high figure of merit.

Motivated by the attractive characteristics of bismuth-based double perovskites, we

have used a first-principle approach and density functional theory (DFT) as im-

plemented in WIEN2k [37, 38] code to study the structural, electrical, optical, and

thermoelectric properties of Cs2KBiX6 (X = Cl, Br, and I). DFT [39,40] is a compu-

tational approach employed in quantum mechanics for characterizing the electronic

structure and characteristics of solid materials. WIEN2k stands out as a versatile

and advanced software package designed for electronic structure calculations in the

field of materials science. It uses the full-potential linearized augmented plane wave

(FP-LAPW) method [41]. Additionally, we use the BoltzTraP method to investi-

gate the thermoelectric properties of Cs2KBiX6 (X = Cl, Br, and I) compounds.

BoltzTraP is a program for calculating the semi-classic transport coefficients. It is

based on a smoothed Fourier interpolation of the bands.

The arrangement of this thesis is such that in chapter 2, we discuss the basic quan-
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tum mechanics as the base of density functional theory. Starting from Schrödinger

equation we dispute the criteria for the ground state wave function. We shortly dis-

cuss the Born-Oppenheimar approximation and the Hartree-Fock approach with its

limitations and the theoritical density functional theory in this chapter. In chapter

3, we weigh up the structural, electronic, optical and thermoelectric properties of

Cs2KBiX6 (X = Cl, Br, and I). In last chapter, we summarize our findings on the

characteristics and potential applications of the materials.
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Chapter 2

Basic Quantum Mechanics

2.1 Schrödinger equation

The development of density functional theory (DFT) depends on the principles of

fundamental quantum mechanics, notably the Schrödinger equation. Schrödinger

equation refers to a fundamental equation of quantum physics. The Schrödinger

equation is a linear partial differential equation that governs the wave function of

a quantum-mechanical system [42]. It is a key result in quantum mechanics, and

its discovery was a significant landmark in the development of the subject. The

equation is named after Erwin Schrödinger, who postulated the equation in 1925,

and published it in 1926, forming the basis for the work that resulted in his Nobel

Prize in physics in 1933 [43,44]. The time-independent Schrödinger equation

ĤΨ(~r) = EΨ(~r) (2.1)

Where, Ĥ is the hamiltonian operator and Ψ is the wave function. It is often

impracticable to use a complete relativistic formulation of the formula; therefore

Schrödinger himself postulated a non-relativistic approximation which is nowadays

often used, especially in quantum chemistry.
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Basic Quantum Mechanics

Using the Hamiltonian for a single particle

Ĥ = T̂ + V̂ = − ~2

2m
~∇2 + V (~r) (2.2)

leads to the (non-relativistic) time-independent single-particle Schrödinger equation

ÊΨ(~r) =

[
− ~2

2m
~∇2 + V (~r)

]
Ψ(~r). (2.3)

For N particles in three dimensions, the Hamiltonian is

Ĥ =
N∑
i=1

p̂2
i

2mi

+ V (~r1, ~r2, ...~rN) = −~2

2

N∑
i=1

1

mi

+ V (~r1, ~r2, ....~rN) (2.4)

The corresponding Schrödinger equation reads

ÊΨ(~r1, ~r2, ...~rN) =

[
− ~2

2

N∑
i=1

1

mi

∇2
i + V (~r1, ~r2, ...~rN)

]
Ψ(~r1, ~r2, ...~rN) (2.5)

Special cases are the solutions of the time-independent Schrödinger equation, where

the Hamiltonian itself has no time-dependency (which implies a time-independent

potential V (~r1, ~r2, ..., ~rN) and the solutions therefore describe standing waves which

are called stationary states or orbitals). The time-independent Schrödinger equation

is not only easier to treat, but the knowledge of its solutions also provides crucial

insight to handle the corresponding time-dependent equation.

Furthermore, the left hand side of the equation reduces to the energy eigenvalue of

the Hamiltonian multiplied by the wave function, leading to the general eigenvalue

equation

EΨ(~r1, ~r2, ...~rN) = ĤΨ(~r1, ~r2, ...~rN) (2.6)

Again, using the many-body Hamiltonian, the Schrödinger equation becomes

EΨ(~r1, ~r2, ..., ~rN) =

[
− ~2

2

N∑
i=1

1

mi

∇2
i + V (~r1, ~r2, ..., ~rN)

]
Ψ(~r1, ~r2, ..., ~rN) (2.7)
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Basic Quantum Mechanics

2.1.1 The wave function

Wave function Ψ is a quantity associated with a moving particle. It is a complex

quantity. The wave function Ψ has no direct physical meaning. The wave function

Ψ(~r) describes the position of a particle with respect to time. It can be considered

as probability amplitude. |Ψ|2 is proportional to the probability of finding a particle

at a particular time. It is the probability density.

|Ψ|2 = |Ψ∗Ψ|2 (2.8)

The wave function Ψ must be finite everywhere. If Ψ is finite for a particular point,

it means an infinite large probability of finding the particles at that point. This

would violates the uncertainty principle. It must be single valued. If Ψ has more

than one value at any point, it means more than one value of probability of finding

the particle at that point which is obviously ridiculous. The wave function must

be continuous and have a continuous first derivative everywhere and its must be

normalizable.

For the sake of simplicity the discussion is restricted to the time-independent wave

function. A question always arising with physical quantities is about possible inter-

pretations as well as observations. The Born probability interpretation of the wave

function, which is a major principle of the Copenhagen interpretation of quantum

mechanics, provides a physical interpretation for the square of the wave function as

a probability density [45,46]

P = |ψ(~r1, ~r2, ..., ~rN |2d~r1d~r2....d~rN (2.9)

Equation (2.10) describes the probability that particles 1,2,...,N are located simul-

taneously in the corresponding volume element d~r1 d~r2...d~rN [47]. What happens if

the positions of two particles are exchanged, must be considered as well. Following

merely logical reasoning, the overall probability density cannot depend on such an

7
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exchange, i.e.

|Ψ(~r1, ~r2, ..., ~ri, ~rj, ..., ~rN)|2 = |Ψ(~r1, ~r2, ..., ~rj, ~ri, ..., ~rN)|2 (2.10)

There are only two possibilities for the behavior of the wave function during a

particle exchange. The first one is a symmetrical wave function, which does not

change due to such an exchange. This corresponds to bosons (particles with integer

or zero spin). The other possibility is an anti-symmetrical wave function, where

an exchange of two particles causes a sign change, which corresponds to fermions

(particles which half-integer spin) [48,49].

In this text only electrons are from interest, which are fermions. The anti symmetric

fermion wave function leads to the Pauli principle, which states that no two electrons

can occupy the same state, whereas state means the orbital and spin parts of the

wave function [50]. The antisymmetry principle can be seen as the quantum-

mechanical formalization of Pauli’s theoretical ideas in the description of spectra

(e.g. alkaline doublets) [51].

Another consequence of the probability interpretation is the normalization of the

wave function. If equation (2.10) describes the probability of finding a particle in a

volume element, setting the full range of coordinates as volume element must result

in a probability of one, i.e. all particles must be found somewhere in space. This

corresponds to the normalization condition for the wave function.

∫
d~r1

∫
d~r2...

∫
d~rN |ψ(~r1, ~r2, ..., ~rN)|2 = 1 (2.11)

Equation (2.12) also gives insight on the requirements a wave function must fulfill

in order to be physical acceptable. Wave functions must be continuous over the full

spatial range and square-integratable [52]. The eigenfunctions Ψk with correspond-

ing energy eigenvalues are Ek. The set Ψk is complete and Ψk may always be taken

to be orthonormal and normalized

8
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∫
Ψ∗kΨl dx

N = 〈Ψk|Ψl〉 = δkl (2.12)

We denote the ground state wave function and energy by Ψ0 and E0. Here
∫
dxN

means integration over 3N spatial coordinates and summation over N spin coordi-

nates. Expectation values of observables are given by formula of th type,

〈
Â
〉

=

∫
Ψ∗AΨ dx∫
Ψ∗Ψ dx

(2.13)

where, Â is the Hermitian linear operator for the observable A. If Ψ is normalized,

expectation values of kinetic and potential energy are given by the formulas

T [Ψ] =
〈
T̂
〉

=

∫
Ψ∗T̂Ψ dx (2.14)

V [Ψ] =
〈
V̂
〉

=

∫
Ψ∗V̂Ψ dx (2.15)

When a system is in the state Ψ, which may or may not satisfy equation 2.14, the

average of many measurements of the energy is given by the formula

E[Ψ] =

〈
Ψ|Ĥ|Ψ

〉
〈Ψ〉

(2.16)

where, 〈
Ψ|Ĥ|Ψ

〉
=

∫
Ψ∗ĤΨ dx (2.17)

Since furthermore, each particular measurement of the energy gives one of the eigen-

values of Ĥ, we immediately have

E[Ψ] ≥ E0 (2.18)

The energy computed from a guessed Ψ is an upper bound to the true ground state

energy E0. Full minimization of the functional E[Ψ] with respect to all allowed N-

electron wae functions will give the true ground state Ψ0 and energy E[Psi0] = E0,

9
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that is,

E0 = min
Ψ

E[Ψ] (2.19)

Formal proof of minimum energy principle goes on follows. Expanding Ψ in terms

of normalized eigenstates of Ĥ

Ψ =
∑
k

CkΨk (2.20)

Then the energy becomes

E[Ψ] =

∑
k |Ck|2Ek∑
k |Ck|2

(2.21)

where Ek is the energy kth eigenstate of Ĥ. Noting that the orthogonality of the Φk

has been used. Because E0 ≤ E1 ≤ ... ≤ EN. E(Φ) is always greater than or equal

to E0 and it reaches its minimum if and only if Ψ = C0Ψ0. Every eigenstate Ψ is an

extremum of the function E[Ψ]. In otheer words one may replace the Schrödinger

equation with the variational principle

δE[Ψ] = 0 (2.22)

when equation 2.23 is satisfied, so is equation 2.14 and vice-versa.

2.2 Born-Oppenheimer (BO) approximation

The Schrödinger equation of a many-body system is

HtotΨ({RI}, {ri}) = EΨ({RI}, {ri}). (2.23)

Where, Htot is the total Hamiltonian, E is the total energy and Ψ({RI}, {ri}) is the

total wave function of the system. The total Hamiltonian of a many-body system

consisting of nuclei and electrons can be written as

Ĥtot = −
∑
I

}2

2MI

~∇2
RI
−
∑
i

}2

2me

~∇2
ri

+
1

2

∑
I,J

ZIZJe
2

|RI −RJ |
+

1

2

∑
i,j

e2

|ri − rj|
−
∑
I,i

ZIe
2

|RI − ri|
,

(2.24)

10



Basic Quantum Mechanics

where, the indexes I, J run on nuclei, i and j on electrons, RI and MI are position and

mass of the nuclei, ri and me are position and mass of the electrons, |RI −RJ |, |RI−

ri| and |ri − rj| are represent the distance between the nucleus-nucleus, nucleus-

electron, and electron-electron.

As nuclei are significantly heavier than electrons (the mass of a proton is about 1836

times the mass of an electron), the electrons travel considerably more quickly than

the nuclei [53]. In that case, Born-Oppenheimer (BO) approximation was proposed

by Born and Oppenheimer in 1927. The Born-Oppenheimer approximation is an

assumption that it is possible to distinguish equation (2.10) between the nuclear and

electronic motions of molecules. After applying Born-Oppenheimer approximation,

the Schrödinger equation of many body system is reduced as,

Ĥe = −
∑
i

}2

2me

~∇2
ri

+
1

2

∑
i,j

e2

|ri − rj|
−
∑
I,i

ZIe
2

|RI − ri|
. (2.25)

And then the Schrödinger equation for a many body system reduces to,

ĤΨ = −
∑
i

}2

2me

~∇2
ri

+
1

2

∑
i,j

e2

|ri − rj|
−
∑
I,i

ZIe
2

|RI − ri|
= EΨ (2.26)

The BO approximation’s importance lies in it’s ability to distinguish between the

motion of electrons and nuclei. The starting point of DFT is the electron motion in

a static external potential Vext(r) created by the nucleus.

2.3 The Hartree-Fock approach

In order to find a suitable strategy to approximate the analytically not accessible

solutions of many-body problems, a very useful tool is variational calculus, similar

to the least-action principle of classical mechanics. By the use of variational calcu-

lus, the ground state wave function ψ0, which corresponds to the lowest energy of

the system E0, can be approached. A useful literature source for the principles of

variational calculus has been provided by T. Flieÿbach [54].

Hence, for now only the electronic Schrödinger equation is of interest, therefore

11
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in the following sections we set Ĥ ≡ Ĥel, E ≡ Eel, and so on. Observables in

quantum mechanics are calculated as the expectation values of operators [45, 55].

The energy as observable corresponds to the Hamilton operator, therefore the energy

corresponding to a general Hamiltonian can be calculated as [56]

E = 〈Ĥ〉 =

∫
d~r1

∫
d~r2...

∫
d~rNψ ∗ (~r1, ~r2, ..., ~rN)Ĥψ(~r1, ~r2, ..., ~rN) (2.27)

The Hatree-Fock techique is based on the principle that the energy obtained by any

(normalized) trial wave function other than the actual ground state wave function

is always an upper bound, i.e. higher than the actual ground state energy. If the

trial function happens to be the desired ground state wave function, the energies

are equal

Etrial ≥ E0 (2.28)

with

Etrial =

∫
d~r1

∫
d~r2...

∫
d~rNψ

∗
trial(~r1, ~r2, ..., ~rN)Ĥψtrial(~r1, ~r2, ..., ~rN) (2.29)

and

E0 =

∫
d~r1

∫
d~r2...

∫
d~rNψ

∗
0(~r1, ~r2, ..., ~rN)Ĥψ0(~r1, ~r2, ..., ~rN) (2.30)

The expressions above are usually inconvenient to handle. For the sake of a compact

notation, in the following the bra-ket notation of Dirac is introduced. For a detailed

description of this notation, the reader is referred to the original publication [57]

In that notation, equation (2.32) to (2.34) are expressed as

〈ψtrial|Ĥ|ψtrial〉 = Etrial ≥ E0 = 〈ψ0|Ĥ|ψ0〉 (2.31)

Proof [45]: The eigenfunctions ψi of the Hamiltonian Ĥ (each corresponding to an

energy eigenvalue Ei form a complete basis set, therefore any normalized trial wave

12
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function ψtrial can be expressed as linear combination of those eigenfunctions.

ψtrial =
∑
i

λiψi (2.32)

The assumption is made that the eigenfunctions are orthogonal and normalized.

Hence it is requested that the trial wave function is normalized, it follows that

〈ψtrial|ψtrial〉 = 1 = 〈
∑
i

λiψi|
∑
j

λjψj〉 =
∑
i

∑
j

λ∗iλj〈ψi|ψj〉 =
∑
j

|λj|2 (2.33)

On the other hand, following (2.35) to (2.37)

Etrial = 〈ψtrial|Ĥ|ψtrial〉 = 〈
∑
i

λiψi|Ĥ|
∑
j

λjψj〉 =
∑
j

Ej|λj|2 (2.34)

Together with the fact that the ground state energy E0 is per definition the lowest

possible energy, and therefore has the smallest eigenvalue (E0 ≤ Ei), it is found that

Etrial =
∑
j

Ej|λj|2 ≥ E0

∑
j

|λj|2 (2.35)

what resembles equation (2.35).

The mathematical framework used above, i.e. rules which assign numerical values to

functions, so called functionals, is also one of the main concepts in density functional

theory. A function gets a numerical input and generates a numerical output whereas

a functional gets a function as input and generates a numerical output [58].

Equations(2.31) to (2.39) also include that a search for the minimal energy value

while applied on all allowed N-electron wave-functions will always provide the ground-

state wave function (or wave functions, in case of a degenerate ground state where

more than one wave function provides the minimum energy). Expressed in terms of

functional calculus,where ψ → N addresses all allowed N-electron wave functions,

13
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this means [47]

E0 = min
ψ→N

E[ψ] = min
ψ→N
〈ψ|Ĥ|ψ〉 = min

ψ→N
〈ψ|T̂ + V̂ + Û |ψ〉 (2.36)

Due to the vast number of alternative wave functions on the one hand and processing

power and time constraints on the other, this search is essentially unfeasible for N-

electron systems. Restriction of the search to a smaller subset of potential wave

functions, as in the Hartree-Fock approximation, is conceivable.

A slater determinant is a formula in quantum mechanics that desceibes the wave

function of a multi-fermionic system. It satisfies anti-symmetric criteria, and thus

the Pauli’s principle, by changing sign when two electrons are exchanged (or other

fermions). Only a small fraction of all potential fermionic wave functions can be

expressed as a single slater determinant, but because of their simplicity, they are an

important and useful subset.

In the Hartree- Fock approach, the search is restricted to approximations of the N-

electron wave function by an antisymmetric product of N (normalized) one electron

wave functons, the so called spin- orbitals χi(~xi) [50]. A wave function of this type

is called Slater-determinant, and reads [47,50]

Ψ0 ≈ φSD = (N !)−
1
2

∣∣∣∣∣∣∣∣∣∣∣∣

χ1(~x1) χ2(~x1) · · · χN(~x1)

χ1(~x2) χ2(~x2) · · · χN(~x2)
...

...
. . .

...

χ1(~xN) χ2(~xN) · · · χN(~xN)

∣∣∣∣∣∣∣∣∣∣∣∣
(2.37)

It is important to notice that the spin-orbitals χi(~xi) are not only depending on spa-

tial coordinates but also on a spin coordinate which is introduced by a spin function,

~xi = ~ri, s. The text by Szabo [50] and Holthausen [59] omits a through description

of the spin orbitals and their characteristics. Going back to the variational principle

and equation 2.38, the ground state energy that can be roughly predicted by a single
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determinant becomes

E0 = min
φSD→N

E[φSD] = min
φSD→N

〈φSD|Ĥ|φSD〉 = min
φSD→N

〈φSD|T̂ + V̂ + Û |φSD〉 (2.38)

A general expression for the Hartree-Fock Energy is obtained by usage of the Slater

determinant as a trial function

E0 = 〈φSD|Ĥ|φSD〉 = 〈φSD|T̂ + V̂ + Û |φSD〉 (2.39)

A general expression for the Hartree-Fock energy is obtained by uses of the slatter

determinant as a trial function. According to the equation 2.34, the normalization

integral 〈ψHF |ψHF 〉 is equal to 1 and the energy expectation value is found to be

given by formula

EHF = 〈ψHF |Ĥ|ψHF 〉 =
N∑
i

Hi +
1

2

N∑
i

N∑
j

(Jij −Kij) (2.40)

where

Hi =

∫
ψ∗i (~xi)[−

1

2
~∇2
i + U(x)]ψi(~xi)d~x, (2.41)

Jij =

∫∫
ψi(~x1)ψ∗i (~x1)

1

r12

|ψj(~x2)ψ∗j (~x2)d~x1d~x2, (2.42)

Kij =

∫∫
ψi(~x1)ψ∗j (~x1)

1

r12

ψi(~x2)χ∗j(~x2)d~x1d~x2 (2.43)

These integral are all real and Jij > Kij > 0. Jij are called Coulomb integrals and

Kij are exchange integrals. We have the important equation

Jii = Kii (2.44)

This is the reason the double summation in the equation that include i = j terms.

Minimization of equation subject to the orthonormalization conditions,

∫
ψ∗i (x)ψj(x)dx = δij (2.45)
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gives the Hartree-Fock differential equation

F̂ψi(x) =
N∑
j

εijψj(x) (2.46)

Where,

F̂ = −1

2
~∇2 + ~ν + ~g (2.47)

In which the Coulomb exchange operator g(x1) is given by

~g = ĵ − k̂ (2.48)

Here

J(x1)f(x1) =
N∑
k=1

∫
ψ∗k(x2)ψk(x2

1

r12

f(x1)dx2 (2.49)

K(x1)f(x1) =
∗∑

k=1

(x2)f(x2)
1

r12

ψk(x1)dx2 (2.50)

with f(x1) an arbitrary function. The matrix ε consists of lagrange multipliers. Also,

ε∗ji = εij (2.51)

where ε is Hermitian. Now multiplying this equation with ψ∗i and integrating, one

obtains the formula for orbital energies

εi ≡ εii = 〈ψi|F̂ |ψi〉 = Hi +
N∑
j=1

( ~Jij − ~Kij) (2.52)

Summing over i and comparing with equation 2.41 we get

EHF =
N∑
i=1

εi − V̂ee (2.53)

Where the symbol Vee stands for electron electron repulsion energy. For the total
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molecular energy including nucleus nucleus repulsion one has,

WHF =
N∑
i=j

εi − V̂ee + ˆVnn =
N∑
i=j

Hi + V̂ee + ˆVnn (2.54)

Neither EHF nor WHF is equal to the sum of orbital energies. Hartree-Fock method

is a non-linear self-consistent field.

2.3.1 Limitations and failings of the Hartree-Fock approach

Atoms as well as molecules can have an even or odd number of electrons. If the

number of electrons is even and all of them are located in double occupied spatial

orbitals φi, the compound is in a singlet state.Such systems are called closed-shell

systems. Compounds with an odd number of electrons as well as compounds with

single occupied orbitals, i.e. species with triplet or higher ground state, are called

open-shell systems respectively. These two types of systems correspond to two differ-

ent approaches of the Hartree-Fock method. In the restricted HF-method (RHF),all

electrons are considered to be paired in orbitals whereas in the unrestricted HF

(UHF)-method this limitation is lifted totally. It is also possible to describe open-

shell systems with a RHF approach where only the single occupied orbitals are

excluded which is then called a restricted open-shell HF (ROHF) which is an ap-

proach closer to reality but also more complex and therefore less popular than UHF

[47].

There are also closed-shell systems which require the unrestricted approach in order

to get proper results. For instance, the description of the dissociation of H2 (i.e. the

behavior at large internuclear distance), where one electron must be located at one

hydrogen atom, can logically not be obtained by the use of a system which places

both electrons in the same spatial orbital. Therefore the choice of method is always

a very important point in HF calculations [50].

Kohn states several M = p5 with 3 ≤ p ≤ 10 parameters for an output with adequate

accuracy in the investigations of the H2 system [60]. For a system with N = 100
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electrons, the number of parameters rises to

M = p3N = 3300to10300 ≈ 10150to10300 (2.55)

According to the equation (2.50), energy reduction would have to be done in a space

with at least 10150 dimension, which is well above current computer capabilities. As

a result, HF methods are limited to situations involving a modest number of electron

(N ≈ 10), This barrier commonly referred to as the exponential wall because of the

exponential component in (2.50) [60].

Since a many electron wave function cannot be described entirely by a single Slater

determinant, the energy obtained by HF calculations is always larger than the exact

ground state energy. The most accurate energy obtainable by HF-methods is called

the Hartree-Fock-limit [47].

2.3.2 Correlation energy

No single determinant or straightforward combination of a few determinants can ever

accurately describe the wave function for a system with many interacting electrons.

The calculation of the energy error, however, is here characterized as being negative.

the difference between EHF and Eexact is called correlation energy and can be denoted

as [61],

EHF
corr = Emin − EHF (2.56)

When atomic and molecular changes preserve the number and type of chemical

bonds, correlation energy tends to remain constants, but it can fluctuate significantly

and become decisive when bonds change. Its magnitude can range from a few

hundredths of an atomic unit to hundreds of kilocalories per mole. Exchange energies

are an order magnitude or more bigger, even if the self exchange term is omitted.

Despite the fact that Ecorr is usually small against Emin as in the example of N2

molecule where

EHF
corr = 14.9eV < 0.001Emin (2.57)
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It can have a huge influence. For instance, the experimental dissociation energy of

N2 molecule is

Ediss = 9.9eV < Ecorr (2.58)

which corresponds to a large contribution of the correlation energy to relative en-

ergies which are of particular interest in quantum chemistry. The mean field ap-

proximation utilized in the HF-method is what contributes most to the correlation

energy. The implication of this is that one electron moves in the average field of the

other ones, a method that completely ignores the inherent correlation of the elec-

tron movements. To get a better understanding what that means, one may picture

the repulsion of electrons at small distances which clearly cannot be covered by a

mean-field approach like the Hartree-Fock method.

2.4 The electron density

A general statement concerning the computation of observablees has been presented

in section 2.1.1 about the wave function ψ. This section is about a quantity that is

computed in a similar manner. The electron density (for N electrons) as the basic

variable of density functional theory is defined as [47,62]

n(~x) = N
∑
s1

∫
d~x2...

∫
d~xNψ

∗(~x1, ~x2, ...., ~xN)ψ(~x1, ~x2, ..., ~xN). (2.59)

which is the basic variable of density function theory. If the spin coordinates are

neglected, the electron density can even be expressed as measurable observable only

dependent on spatial coordinates [60,62]

n(~r) = N

∫
d~r2...

∫
d~rNψ

∗(~r1, ~r2, ..., ~rN)ψ(~r1, ~r2, ..., ~rN) (2.60)

The total number of electrons can be obtained by integration the electron density

over the spatial variables [47]

N =

∫
d~rn(~r). (2.61)
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2.5 Thomas-Fermi Model

The assumptions stated by Thomas are that, electrons are distributed uniformly in a

six dimentional phase space for the motion of an electron at the rate of two for each

h3 of volume and that there is an effective potential field that is itself determined

by the nuclear charge and this distribution of electrons. The Thomas Fermi formula

for electron density can be derived from these assumptions [63]. Let us consider

the space devided into many small cubes, each of side l and volume ∆V = l3, each

containing some fixed number of electrons ∆N and we assume that the electrons in

each shell behave like indipendent fermions at the temperature 0 K, with the cells

independent of one another. The energy level of a particle in a three dimensional

infinite well are given by the formula [63]

ε(nx, ny, nz) =
h2

8ml2
(n2

x + n2
y + n2

z) =
h2

8ml2
R2 (2.62)

Where nx, ny, nz = 1,2,3... and the second equality defines by the quantity R. For

high quantum numbers, that is, for large R, the number of distinct energy levels

with energy smaller than ε can be approximated by the volume of one octant of a

spherical with radius R in the space (nx, ny, nz ). This number is,

φ(ε) =
1

8
(
4πR3

3
)[R = (

8ml2ε

h2
)
3
2 ] (2.63)

=
π

6
(
8ml2ε

h2
)
3
2 (2.64)

The number of energy levels between ε and ε+ δε is accordingly

g(ε)∆ε = φ(ε+ δε)− φ(ε) (2.65)

=
π

4
(
8ml2

h2
)
3
2
ε
1
2 δε+O((δε)2) (2.66)

where the function g(ε) is the density of states at energy ε. To compute the total

energy for the cell with ∆N electrons, we need the probability for the state with
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energy ε to be occupied which we call f(ε). This is the Fermi Dirac distribution.

f(ε) =
1

1 + eβ(ε−µ)
(2.67)

The Fermi energy εf is the zero temperature limit of the chemical potential µ. Now

we find the total energy of the electrons in this cell by summing the contributions

from the different energy states:

∆E = 2

∫
εf(ε)g(ε)dε (2.68)

= 2

∫
εf(ε)

π

4
(
8ml2

h2
)
3
2
ε
1
2 dε (2.69)

=
8π

5
(
2m

h2
)
3
2 l3ε

5
2
f (2.70)

where the factor 2 enters because each energy level is doubly occupied by one electron

with spin α and another with spin β. The fermi energy Ef is related to the number

of electrons ∆N in the cell through the formula

∆N = 2

∫
f(ε)g(ε)dε (2.71)

=
8π

3
(
2m

h2
)
3
2 l3ε

3
2
f (2.72)

Eleminating εf from 2.71 and 2.73 we have

∆E =
3

5
∆NEf (2.73)

=
3h2

10m
(

3

8π
)
2
3 l3(

∆N

l3
)
5
3 (2.74)

Equation 2.75 is a relation between total kinetic energy and the electron density

ρ = ∆N
l3

, for each cell in the space. Adding the contribution from all cells we find

the total kinetic energy to be, now reverting to atomic units,

TTF [ρ] = CF

∫
ρ

5
3 (~r)d~r (2.75)
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where,

CF =
3

10
(3π2)

2
3 = 2.871 (2.76)

Here, we first come across the LDA [64], one of the most significant concepts in

contemporary density functional theory. By using locally applicable relations suited

for a homogeneous electronic system, electronic characteristics are approximated as

functions of the electron density. In terms of electron density, the energy formula

for an atom is

TTF [ρ(~r)] = CF

∫
ρ

5
3 (~r)d~r − Z

∫
ρ(~r)

~r
d~r +

1

2

∫∫
ρ(~r1)ρ(~r2)

|~r1 − ~r2|
d~r1d~r2 (2.77)

This is the energy functional of Thomas-Fermi theory of atoms. The method became

considered as an overly simplified model of little real significance for quantitative

predictions in atomic, molecular, or solid state physics because the accuracy for

atoms is not as high with this model as it is with other methods.

2.6 The Hohenberg-Kohn (HK) Theorems

DFT was proven to be an exact theory of many-body systems by Hohenberg and

Kohn [65] in 1964. It applies not only to condensed-matter systems of electrons

with fixed nuclei, but also more to any system of interacting particles in an external

potential Vext(~r). The theory is based upon two theorems.

2.6.1 HK theorem I

Statement: The ground state particle density n(r) of a system of interacting par-

ticles in an external potential Vext(r) uniquely determines the external potential

Vext(r), except for a constant. Thus the ground state particle density determines

the full Hamiltonian, except for a constant shift of the energy. In principle, all the

states including ground and excited states of the many-body wavefunctions can be

calculated. This means that the ground state particle density uniquely determines

all properties of the system completely.
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Proof: Here we only consider the case that the ground state of the system is

nondegenerate. It can be proven that the theorem is also valid for systems with

degenerate ground state [66]. Suppose there are two different external potentials

Vext(r) and V ′ext(r) whice differ by more than a constant and lead to the same

ground state density n0(r). The two external potentials would give two different

Hamiltonians, Ψ and Ψ′, with ĤΨ = E0Ψ and Ĥ ′Ψ′ = E ′0Ψ′. Since Ψ′ is not the

ground state of Ĥ, it follows that

E0 < 〈Ψ′|Ĥ|Ψ′〉

< 〈Ψ′|Ĥ ′|Ψ′〉+ 〈Ψ′|Ĥ − Ĥ ′|Ψ′〉 (2.78)

< E ′0 +
∫
n0(r)

[
V ext(r)− V ′ext(r)

]
dr

Similarly

E0
′ < 〈Ψ|Ĥ

′
|Ψ〉

< 〈Ψ|Ĥ|Ψ〉+ 〈Ψ|Ĥ ′ − Ĥ|Ψ〉 (2.79)

< E0 +
∫
n0(r)

[
V ′ext(r)− Vext(r)

]
dr

Adding Equations (2.57) and (2.58) lead to the contradiction

E0 + E ′0 < E0 + E ′0 (2.80)

Hence, no two different external potentials Vext(r) can give rise to the same ground

state density n0(r),i.e., the ground state density determines the external potential

Vext(r), except for a constant.That is to say, there is a one-to-one mapping between

the ground state density n0(r) and the external potential Vext(r), although the exact

formula is known.
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2.6.2 HK theorem II

Statement: There exists a universal functional F [n(r)] of the density, independent

of external potential Vext(r), such that the global minimum value of the energy

functional E[n(r)] ≡
∫
n(r)Vext(r)d(r) +F [n(r)] is the exact ground state energy of

the system and the exact ground state density n0(r) minimizes this functional. Thus

the exact ground state energy and density are fully determined by the functional

E[n(r)].

Proof: The universal functional F [n(r)] can be written as

F [n(r)] ≡ T [n(r)] + Eint[n(r)] (2.81)

where T [n(r)] is the kinetic energy and Eint[n(r)] is the interaction energy of the

particles. According to variational principle, for any wave function Ψ′, the energy

functional E[Ψ′]:

E[Ψ′] = 〈Ψ′|T̂ + V̂int + V̂ext|Ψ′〉 (2.82)

has its global minimum value only when Ψ′ is the ground state wave function Ψ0,

with the constraint that the total number of the particles is conserved. According

to HK theorem I, Ψ′ must correspond to a ground state with particle functional of

n′(r) and external potential V ′ext(r), then E[Ψ′] is a functional of n′(r). According

to variational principle:

E[Ψ′]≡〈Ψ′|T̂ + V̂int + V̂ext|Ψ′〉 = E[n′(r)] =
∫
n′(r)V ′ext(r)dr + F [n′(r)]

> E[Ψ0] (2.83)

=
∫
n0(r)d(r) + F [n0(r)] = E[n0(r)]

Thus the energy functional E[n(r)] ≡
∫
n(r)Vext(r)d(r) + F [n(r)] evaluated for the

correct ground state density n0(r) is indeed lower than the value of this functional

for any other density n(r). Therefore by minimizing the total energy functional of

the system with respect to variations in the density n(r), one would find the exact

ground state density and energy.
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2.7 Kohn-Sham (KS) equation

An inventive indirect method of monoelectronic equation for the kinetic-energy

functional T [n(r)] was developed by Kohn and Sham in 1965 as Kohn-Sham (KS)

method [67]. Kohn and Sham proposed introducing orbitals into the problem in such

a way that the kinetic energy can be computed simply to good accuracy, leaving a

small residual correction that is handled separately. It is convenient to begin with

the exact formula for the ground-state kinetic energy,

T =
N∑
i

ai〈ψi| −
1

2
∇2|ψi〉 (2.84)

where, ψi and ai respectively, natural spin orbitals and their occupation numbers.

We are assured from the Hohenberg-Kohn theory that this T is a functional of the

total electron density.

n(r) =
N∑
i

ai|ψi(r)|2 (2.85)

Kohn and Sham showed that one can built a theory using simpler formulas, namely,

Ts[n] =
N∑
i

〈ψi| −
1

2
∇2|ψi〉 (2.86)

and

n(r) =
N∑
i

|ψi(r)|2 (2.87)

This representation of kinetic energy and density holds true for the determinantal

wave function that exactly describes N non-interacting electrons. In analogy with

the Hohenberg-Kohn defination of the universal functional FHK [n], Kohn and Sham

invoked a corresponding non-interacting reference system, with the Hamiltonian,

Ĥs =
N∑
i

(
1

2
∇2
i ) +

N∑
i

vs (2.88)

in which there are no electron-electron repulsion terms and for which the ground

state electron density is exactly n. For this system, there will be an exact determi-
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nantal ground-state wave function,

ψs =
1√
N !

det[ψ1ψ2 . . . ψN ] (2.89)

where ψi are the N lowest eigenstates of the one-electron Hamiltonian Ĥs:

Ĥsψi = [−1

2
∇2 + vs(r)]ψi = εiψi (2.90)

The kinetic energy is Ts[n], given by equation (2.40)

Ts[n] = 〈ψs|
N∑
i

(−1

2
∇2
i )|ψs〉 =

N∑
i=1

〈ψi| −
1

2
∇2|ψi〉 (2.91)

and the density is decomposed as in equation (2.41). The forgoing definition of Ts[n]

leaves an undesirable restriction on the density. Its need to be non interacting v

representable. That is, there must exist a non interacting ground state with the

given density n(r). This restriction on the domain of definition of Ts[n] can be lifted

and Ts[n] of the form of equation (2.40) can be defined for any density derived from

an antisymmetric wave function. The quantity Ts[n], although uniquely defined for

any density, is still not the exact kinetic energy functional. Kohn-Sham set up a

problem of interest in such a way that Ts[n] is it’s kinetic energy component. To

produce the desired separation out of Ts[n] as the kinetic energy component, we

write the equation as

F [n] = Ts[n] + J [n] + Exc[n]. (2.92)

Where,

Exc[n] = T [n]− Ts[n] + Vee[n]− J [n] (2.93)

Here the defined quantity Exc[n] is called exchange-correlation energy. It contains

the difference between T and Ts, presumably fairly small and non-classical part of

Vee[n]. The Euler equation then can be written in terms of effective potential

µ = veff (r) +
δTs[n]

δn(r)
(2.94)

26



Basic Quantum Mechanics

Where veff effective potential is defined by

veff (r) = v(r) +
δJ [n]

δn(r)
+
δExc[n]

δn(r)
= v(r) +

∫
n(r′)

|r− r′|
dr′ + Vxc(r) (2.95)

with the exchange-correlation potential which is given by,

Vxc(r) =
δExc[n]

δn(r)
(2.96)

For a system of non-interacting electrons moving in the external potential Vs(r) =

Veff(r). Therefore, for a given Vs(r), one obtains the n(r) that satisfies eq.(2.60)

simply by solving the N -one electron equations,

[−1

2
∇2 + veff (r)]ψi = εiψi (2.97)

where εi is the eigenvalue of monoelectron equation and setting

n(r) =
N∑
i

|ψi(r)|2 (2.98)

In above two equations the solutions ψi can be different this is because equations

are non linear and must be solved iteratively. The total energy can be determined

from the resultant density via equation

E[n] = Ts[n] + J [n] + Exc[n] +

∫
n(r)V (r)d(r) (2.99)

Hence,
N∑
i

εi =
N∑
i

〈ψi|
N∑
i

(−1

2
∇2
i ) + Veff (r)|ψi〉 (2.100)

= Ts[n] +

∫
Veff (r)n(r)d(r) (2.101)

Just as in Hatree-Fock theory, the total electronic energy is not the sum of the

orbital energies.
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2.7.1 Solving Kohn-Sham equation

In a condensed matter system the Kohn Sham (KS) equation gives a way to obtain

the exact density and energy of the ground state. The process starts with an initial

electron density n(r), usually a superposition of atomic electron density, then the

effective potential Veff is calculated and the KS equation is solved with single-

particle eigenvalues and wavefunctions, a new electron density is then calculated

from the wavefunctions.

Figure 2.1: Flowchart of self-consistency loop for solving Kohn-Sham equations

This is usually done numerically through some self-consistent iteration as shown

in above flowchart. Self-consistent condition can be the change of total energy or

electron density from the previous iteration or total force acting on atoms is less

than some chosen small quantity, or a combination of these individual conditions.

If self-consistency is not achieved, the calculated electron density will be mixed

with electron density from previous iterations to get a new electron density. A new

iteration will start with the new electron density. This process continues until self-

consistency is reached. After the self-consistency is reached, various quantities can
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be calculated including total energy, forces, stress, eigenvalues, electron density of

states, band structure, etc..

2.8 Local Density Appeoximation (LDA)

The Khon Sham equation while exactly incorporating the kinetic energy Ts[ρ], still

leave the exchange correlational functional Exc[ρ] unsetteled. In Khon Sham equa-

tion let us introduce the local density approximation proposed by Khon and Sham.

The kinetic energy Ts[ρ] is regorously treated in the Kohn Sham schame, we can

use the uniform electron gas formula solely for the unknown part of the rest of the

energy functional. Thus we introduce the local density approximation (LDA) for

exchange and correlation energy.

ELDA
xc [ρ] =

∫
ρ(~r)εxc(ρ)d~r (2.102)

Where εxc[ρ] indicates the exchange and correlation energy per particle of a uniform

electron gas of density ρ. The corresponding exchange correlation potential then

becomes,

V LDA
xc (~r) =

δELDA
xc [ρ]

δρ(~r)
(2.103)

= εxc(ρ(~r)) + ρ(~r)
δExc[ρ]

δρ(~r)
(2.104)

and the Khon Sham orbital equations read,

[−1

2
~∇2 + V (~r) +

∫
ρ(~r)

|~r − ~r′|
d~r′ + V LDA

xc (~r)]ψ = εiψi (2.105)

This self consistent solution defines the KS local density approximation, which is

the literature is usually simply called Local Density Approximation (LDA) method.

The function εxc(ρ) can be devided into exchange and correation contributions,

εxc(ρ) = εx(ρ) + εc(ρ) (2.106)
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The exchange part is already known given by the Dirac exchange energy functional.

εx(ρ) = −Cxρ
1
3 (~r) (2.107)

where

Cx =
3

4
(
3

π
)
1
3 (2.108)

2.9 Local Spin Density Approximation (LSDA)

The spin-density-functional theory is the necessary generalization for systems in the

presence of an external magnetic field. It is also exceedingly important for systems

in the absence of a magnetic field, because it allows one to build more physics into

the approximate exchange-correlation functional through its spin dependence. In

the presence of a magnetic field B(~r) that acts only on the spins of the electrons,

the Hamiltonian of the system becomes,

H = −1

2

N∑
i

∇2
i +

N∑
i

V (~r) +
N∑
i<1

1

~rij
+ 2βe

N∑
i

B ~(r). ~Si (2.109)

Where, βe = e}
2mc

is the Bohr magneton and ~Si is the electron angular momentum

vectorfor the it} electron. The added magnetic interaction is still a one-electron

operator, just like the nuclear potential V (~r). We can combine terms in the following

convenient way:

V̂ =
N∑
i

V (~ri) + 2βe

N∑
i

B(~r). ~Si (2.110)

=

∫
v(~r)n̂(~r)d~r −

∫
B(~r)m̂(~r)d~r (2.111)

where n̂(~r) is the operator for electron density,

n̂(~r) =
N∑
i

δ(~r − ~ri) (2.112)
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and and m̂(~r) is the operator for the electron magnetization density,

m̂(~r) = −2βe

N∑
i

Siδ(~r − ~ri) (2.113)

Both n̂(~r) and m̂(~r) are local operators. The expectation value of V̂ for the state

|ψ〉 is given by,

〈ψ|V̂ |ψ =

∫
v(~r)n(~r)d~r −

∫
B(~r)m(~r)d~r (2.114)

where the electron density is given by,

n(~r) = 〈ψ|n̂(~r)|ψ〉 (2.115)

and the magnetization density by,

m(~r) = 〈ψ|m̂(~r)|ψ〉 (2.116)

We shall discuss only the simple case of z-direction b(~r). We then have,

〈ψ|V̂ |ψ〉 =

∫
v(~r)n(~r)d~r −

∫
b(~r)m(~r)d~r (2.117)

where

m(~r) = −2βe〈ψ|
N∑
i

Sz(i)δ(~r − ~ri)|ψ〉

= βe[n
β(~r)− nα(~r)]

(2.118)

We obtain the spin-density-functional theory by breaking the minimum search for

the ground-state energy into two steps. Namely,

E0 = min
ψ
〈ψ|T + Vee +

N∑
i

U(~ri) + 2βe

N∑
i

b(~ri).Sz(i)|ψ〉 (2.119)

= min
nα,nβ
{ min
ψ→nα,nβ

〈ψ|T + Vee〉+

∫
[v(~r)n(~r)−

∫
b(~r)m(~r)]d~r} (2.120)

= min
nα,nβ
{F [nα, nβ] +

∫
[(V (~r)− βeb(~r))nα(~r) + βeb(~r))n

β(~r)]d~r} (2.121)
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where

F [nα, nβ] = min
ψ→nα,nβ

〈ψ|T + Vee|ψ〉 (2.122)

This provides constrained-search formulation of the universal functional F [nα, nβ].

The functional F [nα, nβ] searches all ψ that yield the input nα(~r) and nβ(~r), then

F [nα, nβ] assumes the minimum of 〈F + Vee〉. The last equality of (8.1.10) is the

basis of the spin-density-functional theory: nα and nβ are all that are needed to

describe the ground state of the many-electron system in the presence of a magnetic

field b(~r). However, F [nα, nβ] is unknown, and approximation is necessary for the

theory to be implemented.

The Kohn-Sham method can now be introduced to rigorously handle the kinetic

energy contribution to F [nα, nβ],

F [nα, nβ] = Ts[n
α, nβ] + J [nα + nβ] + Exc[n

α, nβ] (2.123)

where Ts[n
α, nβ] is the Kohn-Sham kinetic-energy functional corresponding to a

system of non-interacting electrons with densities nα and nβ and Exc[n
α, nβ] is the

exchange correlation energy functional. A constrained search definition of Ts can

also be given,

Ts[n
α, nβ] = min

∑
iα

niα

∫
d~rφ∗iα(~r)(

1

2
∇2)φiα~r (2.124)

where the minimization is over the set of niα and φiα, with constraints,

∑
i

niα|φiα(~r)|2 = nα(~r) (2.125)

∑
i

niβ|φiβ(~r)|2 = nβ(~r) (2.126)

We may express the energy (3.55) as a functional of the orbitals φiα,

E[nα, nβ] =
∑
iα

niα

∫
d~rφ∗iα(~r)(−1

2
∇2)φiα~r + J [nα + nβ] + Exc[n

α, nβ]

+

∫
[(V (~r) + βeb(~r))n

α(~r) + (V (~r)− βeb(~r))nβ(~r)]d(~r)

(2.127)
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The variational search for the minimum of E[nα, nβ] can then be carried out through

orbitals, subject to normalization constraints,

∫
φ∗iα(~r)φiα(~r)d~r = 1 (2.128)

The resulting Kohn-Sham equations are,

ĥαeffφiα(~r) = [−1

2
∇2 + V α

eff ]φiα(~r) = εiαφiα(~r) (2.129)

and

ĥβeffφjβ(~r) = [−1

2
∇2 + V β

eff ]φjβ(~r) = εjβφjβ(~r) (2.130)

where the spin-dependent effective potentials are,

vαeff (~r) = v(~r) +

∫
n(~r)

|~r − ~r′ |d~r
+
δExc[n

α, nβ]

δnα(~r)
+ βeb(~r) (2.131)

vβeff (~r) = v(~r) +

∫
n(~r)

|~r − ~r′ |d~r
+
δExc[n

α, nβ]

δnβ(~r)
+ βeb(~r) (2.132)

In equations (3.65) and (3.66), the number of electrons with α spin and β spin,

Nα =

∫
nα(~r)d~r (2.133)

and

Nβ =

∫
nβ(~r)d~r (2.134)

need also to be varried to achieve minimum total energy under the constraint,

N = Nα +Nβ (2.135)

With the spin-polarized Kohn-Sham equations, the kinetic energy is handled exactly

and only the exchange-correlation energy remains to be determined. The exchange-
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correlation contribution can be separated into exchange and correlation pieces,

Exc[n
α, nβ] = Ex[n

α, nβ] + Ec[n
α, nβ] (2.136)

where the exchange part is defined as,

Ex[n
α, nβ] = −1

2

∫ ∫
1

~r12

{|nα,α1 (~r1, ~r2)|2 + |nβ,β1 (~r1, ~r2)|2}d~r1~r2 (2.137)

with

nα,α1 (~r1, ~r2) =
∑
i

niαφiα(~r1)φ∗iα(~r2) (2.138)

nβ,β1 (~r1, ~r2) =
∑
i

niβφiβ(~r1)φ∗iβ(~r2) (2.139)

The niα and φiα are those giving the Kohn-Sham kinetic energy, they are determined

by pα and pβ.

Ex[n
α, nβ] =

1

2
Ex[n

α, nα] +
1

2
Ex[n

β, nβ] (2.140)

=
1

2
E0
x[2n

α] +
1

2
E0
x[2n

β] (2.141)

where

E0
x[n] = Ex[

1

2
n,

1

2
n] (2.142)

The Dirac local-density approximation (LDA) for exchange is for the spin-compensated

case. Thus from above equations, we obtain the local spin-density approximation

(LSDA) for the exchange energy functional,

ELSDA
x [nα, nβ] = 2

1
3Cx

∫
[(nα)

4
3 + (nβ)

4
3 ]d~r (2.143)

2.10 Generalized Gradient Approximations (GGA)

The LSDA neglects inhonogeneities of real charge density which could be deffer-

ent from the Homogeneous Electron Gas (HEG). The exchange correlation energy

density has significantly different result from HEG. This gives rise to the various
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Generalized-Gradient Approximations (GGA) [68] which include density gradient

correlation and higher spatial dertiviatives of electron density and gives better result

than LDA in many cases. Three most widely used GGA’s are the from propeosed by

Becke [69], Perdew et al. [70] and Perdew, Burke and Enzerhof. For spin polarized

system [71] we know that

ELSDA
XC [n ↑ (r), n ↓ (r)] =

∫
n(r)εhXCom(n ↑ (r), n ↓ (r))dr (2.144)

Where XC energy density εhXCom(n(r)) is a function of the density alone and is

decomposed into exchange energy density εhXom(n(r)) and correlation energy density

εhCom(n(r)) . So that the XC energy functional is decomposed into exchange energy

functional ELDA
X [n(r)] and correlation energy functional ELDA

C [n(r)] linearly. From

density gradient ∇n(r),

EGGA
XC [[n ↑ (r), n ↓ (r)] =

∫
n(r)εhXCom(n ↑ (r), n ↓ (r), |∇n ↑ (r)|, |∇n ↓ (r)|...)dr

(2.145)

=

∫
n(r)εhXomn(r)FXC(n ↑ (r), n ↓ (r), |∇n ↑ (r)|, |∇n ↓ (r)|...)dr (2.146)

Where, FXC is a dimensionless and εhomX n(r) is the exchange energy density of the

unpolarized HEG. FXC can be decomposed linearly into exchange contribution Fc

as FXC = Fx + Fc. Generally GGA works better than LDA, in pridicting binding

energy of molecules and bond length, crystal lattice constants, especially the system

where charge density varried rapidly. In case of ionic crystall, GGA overcorrects

LDA results where the lattice constants of LDA fit well than GGA. But in case of

transition metal oxides and rare-earth element, both LDA and GGA parform badly.

This drawback leads to approximations beyond LDA and GGA.

2.11 Meta-GGA

In density functional theory (DFT), meta-generalized gradient approximation (meta-

GGA) [72] is an extension of the traditional generalized gradient approximation

(GGA) exchange-correlation functionals. Meta-GGA functionals aim to improve

35



Basic Quantum Mechanics

the accuracy of DFT calculations by considering not only the electron density but

also the gradient of the electron density and the kinetic energy density. The meta-

GGA functionals typically include additional terms beyond those found in GGA

functionals, which allows for a more refined description of the electronic system.

These functionals can capture non-local effects and better account for long-range

correlations, leading to improved predictions of various properties, such as structural

parameters, energetics, and spectroscopic properties. The meta-GGA exchange-

correlation functional is generally represented as

Emeta−GGA = ρ(~r)εmeta−GGA(~rd~r) (2.147)

where, Emeta−GGA is the meta-GGA exchange correlation energy functional, ρ(~r) is

the electron density at position r, and εmeta−GGA(~r) is the meta-GGA exchange corre-

lation density functional at position r. The specific form of meta-GGA functionals

can vary depending on the proposed functional. Common meta-GGA function-

als include TPSS (Tao, Perdew, Staroverov, and Scuseria) [72], M06-L (Zhao and

Truhlar) [73], and MS2 (Sun, Ruzsinszky, and Perdew) [74], among others. These

functionals introduce additional density functionals, kinetic energy density function-

als, and density gradient functionals to better capture the electronic behavior. It’s

important to note that meta-GGA functionals require careful parameterization and

testing for different systems to ensure their accuracy and reliability. The perfor-

mance of meta-GGA functionals can vary depending on the system under investi-

gation, and some functionals may be more suitable for specific applications than

others.

2.12 LDA+U method

The systems which are strongly correlated contain rare-earth metal (transition metal)

having partially filled d or f shells. LSDA and GGA can not explain them properly.

In this method, electrons are considered into two classes: delocalized s, p electron

and localized d or f electrons. The total energy in LSDA+U [75] method is given
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by,

ELDA+U
tot [ρσ(r), nσ] = ELSDA[ρσ(r)] + EU [nσ]− Edc[nσ] (2.148)

where, σ = spin indexes

ρσ(r) = electron density for spin-σ electrons.

nσ = density matrix of f or d electron for spin-σ electrons

ELSDA[ρσ(r)] = standard LSDA energy functional

EU [nσ] = electron-electron coulomb interaction energy. The last term is double

counting term which remove the average LDA energy contribution of d or f electrons

from the LDA energy

Edc[nσ] =
1

2
UN(N − 1)− 1

2
J [N ↑ (N ↑ −1) +N ↓ (N ↓ −1)] (2.149)

where, N = N ↑ +N ↓. U and J are Coulomb and exchange parameters. If exchange

and non sphericity is neglected then,

ELDA+U
tot = ELDA +

1

2
U
∑
i 6=j

ninj −
1

2
UN(N − 1) (2.150)

The orbital energies εi are derivative of above equation with respect to orbital oc-

cupations ni

εi =
∂E

∂ni
= εLDA + U(

1

2
− ni) (2.151)

For ni = 1, LDA orbital energies are shifted by -U
2

and by U
2

for unoccupied orbitals

(ni = 0), resulting the upper and lower Hubbard bands, which opens a gap at the

fermi energy in transition metal oxides. In case of double counting term, it has

two different treatment: AMF and FLL. The former is most suitable for small U

system [76] and the letter for large U system [77]. The energies for double counting

is given by [78],

Edc
AMF =

1

2
UN2 − U + 2lJ

2l + 1

1

2

∑
σ

N2
σ (2.152)

Edc
AMF =

1

2
UN(N − 1)− 1

2
J
∑
σ

Nσ(Nσ−1 (2.153)
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where, N
2(2l+1)

= average occupation of the correlated orbitals

Nσ
2l+1

= average occupation of a single spin of the correlated orbital.

2.13 Hybrid functionals

Hybrid functionals are a class of density functional theory (DFT) methods that aim

to improve upon the accuracy of standard DFT calculations by incorporating a por-

tion of exact or semi-exact exchange into the exchange-correlation functional. This

hybrid approach combines the computational efficiency of DFT with a more accu-

rate treatment of electronic interactions. In standard DFT, the exchange-correlation

functional is typically approximated using local density approximation (LDA) or

generalized gradient approximation (GGA). However, these approximations may

not fully capture the exact exchange and correlation effects, leading to limitations

in the accuracy of calculated properties.

To address these limitations, hybrid functionals introduce a fraction of exact or semi-

exact exchange into the exchange-correlation functional. The exchange-correlation

energy (Exc) of a hybrid functional is expressed as a combination of the exchange

energy from a non-local exchange term (Ex) and the correlation energy (Ec) from a

local or semi-local functional:

Exc = αEx + (1− α)Ec (2.154)

Here, α is the mixing parameter that determines the amount of exact exchange

included in the functional. The range of α typically varies from 0 to 1, representing

pure local or semi-local functionals (α = 0) to pure exact exchange functionals

(α = 1). The choice of the specific hybrid functional determines the form of the

exchange term, and various hybrid functionals have been developed. One of the most

widely used hybrid functionals is the popular B3LYP functional, which combines

the Becke’s three-parameter exchange functional (B3) with the Lee, Yang, and Parr

correlation functional (LYP).

Hybrid functionals can improve the description of a range of properties, including
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structural parameters, energetics, reaction barriers, and electronic properties such

as band gaps and ionization potentials. By incorporating a portion of exact ex-

change, hybrid functionals provide a better balance between the delocalization and

localization of electrons, capturing both short-range and long-range interactions

more accurately. While hybrid functionals offer improved accuracy, they come at a

higher computational cost compared to standard DFT calculations. The inclusion

of exact exchange introduces non-local terms that require additional computational

resources.

39



Chapter 3

Optoelectronic and Thermoelectric

Properties of Cs2KBiX6

Ab-initio simulation based on density functional theory as implemented in the

WIEN2k code [37,38], was used to study the structural, electronic, optical properties

and BoltzTraP [79] method was used to compute the thermoelectric characteristics

of Cs2KBiX6 (X = Cl, Br, I) halide double perovskites. This BoltzTraP method

relies on the well-known Boltzmann transport theory. The exchange correlation

functional was produced using the Perdew-Burke-Ernzerhof (PBE) [80] generalized

gradient approximation (GGA) for solving the Kohn-Sham equations [81]. First of

all, the structures of Cs2KBiCl6, Cs2KBiBr6, and Cs2KBiI6 were optimized, meaning

that both volume and geometry optimizations were carried out in order to determine

the optimum lattice constants and atomic positions for each compound respectively.

For attaining best convergence, a 15 × 15 × 15 k-mesh was selected in Brillouin

zone. For the iteration procedure, the limits for energy convergence and charge

convergence were set as 0.00001 Ry and 0.001 e, respectively for all the studied

systems. For non-overlapping spheres, the radii of the muffin-tin for all calculations

were chosen to be 2.25, 2.03, 2.35, 2.00, 2.05, and 2.07 a.u. for Cs, K, Bi, Cl, Br,

and I respectively. The plane wave cut-off parameter RMT ×Kmax = 8 was chosen,
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where, RMT is the smallest radius of muffin-tin sphere and Kmax is the largest re-

ciprocal lattice vector. Additionally, the maximum value of Gaussian-factor (Gmax)

and angular momentum vector (lmax) were chosen to be 16 and 10, respectively.

3.1 Crystal structure optimization

The primitive unit cell of the double perovskites Cs2KBiX6 (X = Cl, Br, I), as

shown in Figure 3.1, indicates that the studied compounds possess a face-centered

cubic structures with space group Fm3m (225). In the unit cell structure, Cs

atoms have a face-centered positons with an 8c Wyckoff site and fractional coor-

dinates (0.25, 0.25, 0.25), the K atoms are located in the corner positions with 4a

Wyckoff site and fractional coordinates (0, 0, 0), Bi atoms have a body-centered po-

sitions with a 4b Wckoff site and fractional coordinates (0.5, 0.5, 0.5), and Cl/Br/I

atoms have face-centered positions with a 24e Wyckoff site and fractional coordi-

nates (0.2633/0.2622/0.2615, 0, 0). Figures 3.2 illustrate the volume vs energy opti-

mization graphs for Cs2KBiCl6, Cs2KBiBr6, and Cs2KBiI6 respectively. The ground

Figure 3.1: Cubic unit cell of halide double perovskites Cs2KBiX6 (X = Cl, Br, I).

state energy (E0) are obtained corresponding to volume using Birch-Murnaghan’s

equation of states [82], which provides information about the optimized lattice con-

stant. The optimized lattice constants (a0) are estimated to be 11.51 Å, 12.08 Å,
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and 12.94 Å for Cs2KBiCl6, Cs2KBiBr6, and Cs2KBiI6 respectively. The values of

lattice constants increases as we change the anion from Cl to Br to I due to increase

in their atomic size. The minimum optimized unit cell volume increases as we sub-

stitute Cl with Br and I due to the addition of more energy levels. The optimized

structural parameters are listed in Table 3.1.
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Figure 3.2: Energy versus volume curves for Cs2KBiX6 (X = Cl, Br, I).

The formation energy is crucial in determining the stability and reactivity of com-

pounds. It is the energy needed to create a substance from its elements in their

standard states. The following equation is utilized to compute the formation energy

(∆H) [83]

∆H =
E(Cs2KBiX6)− 2E(Cs)− E(K)− E(Bi)− 6E(X)

10
(3.1)

Where, ∆H is the formation energy, E(Cs2KBiX6) is the total energy of the sys-
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tems, E(Cs), E(K), E(Bi), E(X = Cl,Br, I) are the total energy of the compounds

involved in perovskite decomposition reaction. The formation energy are found to

be −2.08 eV, −1.69 eV and −1.27 eV for Cs2KBiCl6, Cs2KBiBr6 and Cs2KBiI6 re-

spectively. The negative formation energy indicates the thermodynamic stability of

the studied compounds. The stability of the compounds is further analyzed through

the calculation of tolerance factor (τ) and the octahedral factor (µ) [84] are defined

as,

τ =
rA + rX√
2(rB + rX)

(3.2)

µ =
rB
rX

(3.3)

In this case, rA is the ionic radius of Cs ion, rB is the average of the ionic radii of K

and Bi, and and rX is the ionic radius of Cl/Br/I ions. Studying by Li et al. [85,86]

indicates that stable double perovskites generally exhibit tolerance factors ranging

from 0.71 to 1.00 and octahedral factors ranging from 0.42 to 0.75. The calculated

values of tolerance factors were 0.83, 0.82, and 0.81, and the octahedral factors

were 0.65, 0.61, and 0.54 for Cs2KBiCl6, Cs2KBiBr6, and Cs2KBiI6 respectively.

Therefore it is clear that, the studied compounds have stable structures.

3.2 Electronic properties

We investigated the electronic properties of Cs2KBiX6 (X = Cl, Br, I), by analyzing

their band structures and density of states using the PBE-GGA functional. Among

these compounds, Cs2KBiCl6 and Cs2KBiBr6 exhibit direct bandgaps of 4.00 eV and

3.42 eV respectively, because both the valence band maxima (VBM) and conduction

band minima (CBM) lie at the same symmetry point L, whereas Cs2KBiI6 shows

an indirect bandgap of 2.57 eV due to the bands lie at different symmetry points,

such as conduction band minima lies at L symmetry while valence band maxima

lies at Γ symmetry, as illustrated in Figure 3.3 and these bandgap values are listed

in Table 3.1. Substituting the X-site anion with Cl, Br, and I sequentially decreases

the bandgap, which correlates with the atomic size of these anions. Being large in
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atomic size iodine contains large number of nucleons as compared to Br and Cl.
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Figure 3.3: The calculated band structures of double perovskites (a) Cs2KBiCl6, (b)

Cs2KBiBr6 and (c) Cs2KBiI6.
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The replacement of large size anion at X-site decreases the electrostatic force on

outer electrons. Due to the weak electrostatic force, both the bonding energy and

the gap between the conduction band and valence band decrease which reduces

the bandgap. In order to analyze the contribution of various electronic states of

Cs2KBiX6 (X = Cl, Br, I), total density of states (TDOS) and partial density of

states (PDOS) has been calculated which are presented in Figure 3.4 and 3.5. In

these figures, the region to the left of the dotted line represents the valence band

(VB), while the region to the right represents the conduction band (CB).
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Figure 3.4: Total density of states of double perovskites Cs2KBiX6 (X = Cl, Br, I).

From TDOS figures, the VB and CB are mainly contributed by the Bi atoms and

the corresponding halogen atoms (Cl, Br, I). The PDOS plots represent that, in the

information of VB, the energy states corresponding to 6p electrons of Bi contribute

scantily, while energy states corresponding to 4d electrons of Cs, 3p electrons of K

and 3p/4p/5p electrons of Cl/Br/I take part significantly. In the conduction band,

there is a major contribution of 6p states of Bi and 4d states of Cs for all three

compounds. It has been observed that replacement of X-site anion gradually by Cl,
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Br, and I cused a significant shift of the 6p states of Bi and 4d states of Cs towards

the fermi level which caused a decrease in the bandgap value from 4.00 to 2.57 eV.

This reducton in the bandgap value is attributed to more electronic states available

in I due to its larger atomic mass as compared to Cl and Br.
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Figure 3.5: Partial density of states of double perovskites Cs2KBiX6 (X = Cl, Br, I).

Table 3.1: The calculated optimized structural parameters and bandgaps of Cs2KBiX6

(X = Cl, Br, I).

Compounds Lattice
Constant
(Å)

Tolerance
factor

Formation
energy

Bandgap
(eV)

Cs2KBiCl6 11.51 0.83 −2.08 4.00

Cs2KBiBr6 12.08 0.82 −1.69 3.42

Cs2KBiI6 12.94 0.81 −1.27 2.57
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3.3 Optical properties

The interaction of light with matter can be used to study the optical performance of

materials. The electromagnetic resonance between the incident light and the bound

electrons in the valence band has an impact on the optical response. When energy is

encountered, the bound electrons absorb it and move into the conduction band and

the process of recombination is used to evaluate a material’s potential for application

in photovoltaic and other optoelectronic devices [87, 88]. We have analyzed the

optical parameters of Cs2KBiX6 (X = Cl, Br, I) by computing complex dielectric

function ε(ω), absorption coefficient α(ω), optical conductivity σ(ω), reflectivity

R(ω), energy loss function Eloss(ω), refractive index n(ω), and extinction coefficient

k(ω).

3.3.1 Complex Dielectric Function

The optical nature of any material is explained by the complex dielectric function

which describes the relationship between a material’s response to incident photons

and its energy and is given by Ehrenreich and Cohen’s equation state as follows [89]:

ε(ω) = ε1(ω) + iε2(ω) (3.4)

Here, the symbol ω represents the angular frequency of electromagnetic radiation

that is incident on the specimen. Where, ε1(ω) is the real part and ε2(ω) is the

imaginary part of the dielectric function. The real part explains the degree of polar-

ization of a compound as a response to electromagnetic wave interactions whereas

the imaginary part indicates loss factor or the absorption of incident light energy.

The dielectric function’s real component ε1(ω) and imaginary component ε2(ω) can

be determined by using the Kramers-Kroning equation:

ε1(ω) = 1 +
2

π
P

∫ ∞
0

ω′ε2(ω′)

ω′2 − ω2
dω (3.5)

ε2(ω) =
e2h′

πm2ω2
Σν,c

∫ ∞
BZ

|Mcν(k)|2δ[ωcν(k)− ω]d3k (3.6)
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where, MCν(k) = 〈uck|eO|uvk〉 is dipole matrix element expressing all the contribut-

ing electronic transitions. where P and k shows the principle quantum number and

wave vector respectively, h is a Plank constant, ω is the angular frequency, and M

is the molar mass of the carriers. The variation in real dielectric function (ε1(ω)) of

Cs2KBiX6 (X = Cl, Br, I) as a function of incident radiation’s energy is represented

in Figure 3.6(a). The real dielectric constants of the compounds are given by their

static value i.e., ε1(0) and found to be 2.90, 3.30, 4.10 for Cs2KBiCl6, Cs2KBiBr6,

and Cs2KBiI6 respectively, which confirms that, substituting Cl with Br and I se-

quentially increases its response to electromagnetic radiation. From Figure 3.6 (a)

it is also observed that, the value of ε1(ω) first gradually increasing with energy,

then after reaching its maximum value at 3.8 eV (Cl), 3.2 eV (Br), and 2.8 eV (I)

respectively. It drops down and again reaches a peak value at 4 eV (Cl), 4.1 eV

(Br), and 3.7 eV (I) and after that turns out to be negative after 5 eV, 4.5 eV,

and 4 eV for Cs2KBiCl6, Cs2KBiBr6, and Cs2KBiI6 respectively. The peak values

of ε1(ω) indicate that, Cs2KBiCl6, Cs2KBiBr6 are of great interest in the ultraviolet

(UV) range and Cs2KBiI6 is of great interest in the visible range of electromagnetic

radiation. The negative dielectric constants represent the conductive characteristics

of the studied compounds.
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Figure 3.6: Complex dielectric function spectra of Cs2KBiX6 (X = Cl, Br, I) halide

double perovskites. (a) Displays its real part-ε1(ω) and (b) displays its imaginary part-

ε2(ω).

Figure 3.6 (b) represents the variation in imaginary dielectric function (ε2(ω)) with

the energy of incident radiation. It represents the radiation absorbed by the com-
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pounds and their peaks explain the transition between the valence band maxima

and conduction band minima. The threshold energy values of ε2(ω) for Cs2KBiCl6,

Cs2KBiBr6, and Cs2KBiI6 are 3.9 eV, 3.2 eV, and 2.35 eV respectively, which in-

dicate the optical bandgaps of the studied compounds and which are found to be

very close to the electronic bandgaps of the compounds. The reasonable peaks of

ε2(ω) reside on 3 eV to 8 eV for three compounds. Their increase occurs because

at energies significantly higher than the bandgaps, the materials absorp a substan-

tial amount of energy making the imaginary part of the dielectric function highly

significant.

3.3.2 Absorption Coefficient and Optical Conductivity

The absorption coefficient α(ω), is crucial for understanding how effectively a ma-

terial absorbs light. Figure 3.7 (a) shows the variation of α(ω) with the energy of

incident radiation of the Cs2KBiX6 (X = Cl, Br, I) double perovskites. Electrons

cannot transit from the valence band to the conduction band unless the energy of

the incident light is lower than the bandgap energy of the material. The absorption

starts at threshold energy of 3.8 eV (Cl), 3.1 eV (Br), and 2.3 eV (I) respectively

which are very close to the electronic bandgaps of the materials. No absorption can

be seen below the threshold energy which shows the materials transparency in this

energy range. The absorption coefficient within the visible range is notably low,
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Figure 3.7: (a) Displays absorption coefficient-α(ω) and (b) displays optical conductivity-

σ(ω) of Cs2KBiX6 (X = Cl, Br, I) halide double perovskites.
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suggesting an inability to absorb visible light. However, beyond the visible light en-

ergy range, there is an upsurge in absorption, indicating a preference for absorbing

ultraviolet light. The highest peaks of α(ω) are noticed between 4 and 12 eV for the

considered double perovskites. So, for higher energies, more light will be absorbed

by the materials.

The optical conductivity σ(ω) is the result of conduction of electrons when a photon

of certain frequency falls on a material. The optical conductivity σ(ω), measured

in ohm per centimeter of Cs2KBiX6 (X = Cl, Br, I) double perovskites is displayed

in Figure 3.7 (b). The optical conductivity begins at 3.7 eV, 2.9 eV, and 2.0 eV

for Cs2KBiCl6, Cs2KBiBr6, and Cs2KBiI6 respectively. The figure reveals that the

optical conductivity increases initially and reaches a certain maximum value for

each compound and then decreases again along the high energy range. The max-

imum value of the optical conductivity of Cs2KBiCl6 is 4600 ×1015/sec at 5.9 eV,

Cs2KBiBr6 is 4000 ×1015/sec at 4.9 eV and Cs2KBiI6 is 4300 ×1015/sec at 6 eV

respectively. The broad range of σ(ω) for all the compounds lie in a wide energy

range at 4 eV to 12 eV, showing their potential to use in optoelectronic in ultraviolet

range. It is observed that optical conductivity and absorption show their minima

and maxima in a similar region, which confirms the theoretical concept and thus

the accuracy of the computed results.

3.3.3 Reflectivity and Electron Energy Loss

A fraction of energy which bounces back from the material medium is calculated as

reflectivity R(ω). The energy dependent R(ω) dispersion for the studied double per-

ovskites is shown in Figure 3.8 (a). It represents that, the static values of reflectivity

R(0) are 7%, 8%, and 12% for Cs2KBiCl6, Cs2KBiBr6, and Cs2KBiI6 respectively.

The static value of reflectivity increases when we substitute small sized anion Cl

with large sized anion I. The maximum value of reflectivity of Cs2KBiCl6 is 32% at

5.8 eV, Cs2KBiBr6 is 32% at 4.9 eV and Cs2KBiI6 is 32% at 4.1 eV. the maximum

values of reflectivity are same for three compounds at different energy range and the

peaks are shown in ultraviolet (UV) region. This reflectivity values are associated

with real dielectric constant because highest reflectivity is exhibited for the energy

50



Optoelectronic and Thermoelectric Properties of Cs2KBiX6

values where negative ε(ω) is exhibited.
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Figure 3.8: (a) Displays reflectivity-R(ω) and (b) displays energy loss function-Eloss(ω)

of Cs2KBiX6 (X = Cl, Br, I) halide double perovskites.

Electron energy loss (EEL) refers to the amount of energy that an electron loses

while traversing a substance. The plot for electron energy loss for Cs2KBiX6 (X =

Cl, Br, I) double perovskites has been shown in Figure 3.8 (b). The peaks in energy

loss spectrum occur at those values of incident energy of photons where reflectivity

suddenly decreases. The figure illustrates that the loss increases with increasing

energy.

3.3.4 Refractive Index

The refractive index n(ω) is also a significant optical parameter that relates to

the transparency of materials. In other words, n(ω) is a fundamental property of a

material that indicates how light is bent or refracted within a material. The variation

of refractive index with the energy of incident radiation is depicted in Figure 3.9 (a).

The static value of refractive index n(0) of Cs2KBiX6 are 1.65 (Cl), 1.8 (Br), and 2.1

(I) respectively. Initially, n(ω) gradually increases and reaches peak value at 4.2 eV

(Cl), 4.0 eV (Br), and 3.7 eV (I). The peak values shift towards lower energy range

with the replacement of Cl with Br and I. So, these three materials show peak value

in the ultraviolet region. Beyond the peak values, variations occur which depicts

that light enter into the materials. These peaks explain the transition of electron

between the valence band maxima and conduction band minima. Moreover, the
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variations indicate the lower transparency of the compounds in high region.
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Figure 3.9: Displays refractive index-n(ω) of Cs2KBiX6 (X = Cl, Br, I) halide double

perovskites.

3.4 Thermoelectric properties

The efficiency of converting thermal energy to electric energy in Cs2KBiX6 (X = Cl,

Br, I) double perovskites can be evaluated by analyzing their thermoelectric prop-

erties with the BoltzTraP code. Reducing environmental pollution and preventing

energy crises, thermoelectric materials are of great interest transforming wasted heat

into useful electricity [90–92]. Thermoelectric parameters, such as electrical (σ/τ)

and thermal (κ/τ) conductivities as well as the Seebeck coefficient (S), power factor

(PF) and figure of merit (ZT). The relaxation time (τ) is considered as a constant

which is a good approximation for the carrier processes independent of the reciprocal

lattice vector and temperature.

3.4.1 Electrical Conductivity

The electrical conductivity per unit relaxation time (σ/τ) against temperature T

(100-1000 K) of the Cs2KBiX6 (X = Cl, Br, I) double perovskites is displayed in

Figure 3.10. The calculated results indicate a linear increase in σ/τ with increasing

temperature. We can also say that, electrical resistivity decreases with rise in tem-
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perature signifying negative temperature coefficient of resistivity, which confirms the

semiconductor nature of the compounds [93]. Increasing the temperature leads to a

higher intrinsic carrier concentration. The values of electrical conductivity at 1000 K

increases from 0.42× 1019(Ω.m.s)−1 to 0.7× 1019(Ω.m.s)−1 to 1.19× 1019(Ω.m.s)−1

while moving from Cl to Br to I, seemingly because of the larger sizes of anion.
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Figure 3.10: Variation in electrical conductivity per unit relaxation time with tempera-

ture of halide double perovskites Cs2KBiX6 (X = Cl, Br, I).

3.4.2 Thermal Conductivity

Figure 3.11 represents thermal conductivity per unit relaxation time (κ/τ) vary-

ing against temperature for all the three studied double perovskites. It is evident

from the graph that κ/τ increases with temperature. There is negligible difference

in κ/τ for all the compounds upto 200 K. Beyond this temperature, the difference

becomes prominent and conductivity increases linearly. The rate of increase of κ/τ

is faster than σ/τ with temperature. The increase in the value of κ/τ with temper-

ature indicates that at a higher temperature more lattice vibrations are generated,

which causes an increase in κ/τ [94]. At higher temperature, Cs2KBiCl6 has the

lowest conductivity among the three compounds, indicating its potential to use in

thermoelectric applications as compared to the other two.
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Figure 3.11: Variation in thermal conductivity per unit relaxation time with temperature

of halide double perovskites Cs2KBiX6 (X = Cl, Br, I).

3.4.3 Seebeck Coefficient

The ratio of the voltage produced to the temperature gradient is known as Seebeck

coefficient (S). Seebeck coefficient determines the ability of a material to generate

the electromotive force from the applied temperature gradient through the material,

in other words it indicates the effectiveness of the thermocouples [95]. Seebeck

coefficient (S) against temperature (T ) is presented in Figure 3.12.
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Figure 3.12: Variation in Seebeck coefficient with temperature of halide double per-

ovskites Cs2KBiX6 (X = Cl, Br, I).

The positive values of S for Cs2KBiX6 (X = Cl, Br, I) double perovskites reveal
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that positive charge carriers are the majority charge carriers in three materials.

In the Figure 3.12, the value of Seebeck coefficient decreases from 320 µV/k to

125 µV/k for Cs2KBiCl6, from 348 µV/k to 190 µV/k for Cs2KBiBr6 and from

300 µV/k to 180 µV/k for Cs2KBiI6 respectively. Because in this temperature

range, increasing σ/τ decreases the potential barrier. The value of S ≥ 200 µV/k

are indicative of the excellent thermoelectric materials [96]. In our calculation, at

room temperature, the values of Seebeck coefficient are 210 µV/k, 200 µV/k, and

230 µV/k for Cs2KBiCl6, Cs2KBiBr6, Cs2KBiI6 respectively, which are remarkably

outstanding to the mentioned value. The positive values of Seebeck coefficient reveal

the p-type semiconductor nature of these double perovskites. Therefore, the studied

double perovskite materials have excellent potential for thermoelectric applications.

3.4.4 Power Factor

Power factor (PF) plays a vital role in determining the thermoelectric efficiency of

a material. It is a collective effect of S and σ, which is calculated by the expression

PF = S2σ. The temperature-dependent variation of PF is shown in Figure 3.13.
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Figure 3.13: Variation in power factor with temperature of halide double perovskites

Cs2KBiX6 (X = Cl, Br, I).

Their room temperature (300 K) values increases from 1.2×1011 W/msK2 to 2×1011

W/msK2 while moving from Cl to I. The maximum values of PF are 1.2 × 1011

W/msK2, 2.5× 1011 W/msK2, and 3.8× 1011 W/msK2 for Cs2KBiCl6, Cs2KBiBr6,
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and Cs2KBiI6 respectively. The values of PF of Cs2KBiBr6 and Cs2KBiI6 increase

with increasing the temperature, and the value of PF of Cs2KBiCl6 increase upto 300

K and beyond this temperature the PF value decreases with increasing temperature.

3.4.5 Figure Of Merit

Most important among the thermoelectric parameters in the figure of merit (ZT). It

determines the efficiency of thermoelectric devices and is calculated using the expres-

sion ZT = S2σT/κ, where S, σ, κ and T represent the Seebeck coefficient, electronic

conductivity, thermal conductivity and temperature in kelvin, respectively [97].
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Figure 3.14: Variation in power factor with temperature of halide double perovskites

Cs2KBiX6 (X = Cl, Br, I).

The variation of ZT for Cs2KBiX6 (X = Cl, Br, I) double perovskites in the tempera-

ture range 100-1000 K is represented in Figure 3.14. The ZT value at 100 K are 0.86,

0.91, 0.85 for Cs2KBiCl6, Cs2KBiBr6, and Cs2KBiI6 respectively. ZT decreases with

increasing temperature (300 K), the value of ZT are 0.83 (Cl), 0.81 (Br), and 0.79 (I)

respectively. With further increment of temperature, ZT decreases gradually. These

observations indicate that, these double perovskites are good candidates to use in

thermoelectric applications based on their ZT values obtained in our calculations.
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Chapter 4

Conclusions

In this work, we have investigated the structural, electronic, optical and thermo-

electric properties of double perovskites Cs2KBiX6 (X = Cl, Br, I) through first-

principles study. The structural stabilities of these materials are estimated based

on the values of the tolerance factors and octahedral factors. The energy volume

optimization graphs are showed that the replacement of X-site anion sequentially

by Cl, Br, and I caused an expansion in the lattice constant due to the larger ionic

radius of Br and I. The lattice constant of three compounds are estimated to be

11.51 Å, 12.08 Å and 12.94 Å respectively. Among three compounds, Cs2KBiCl6

and Cs2KBiBr6 have direct bandgaps and Cs2KBiI6 possesses indirect bandgap.

The bandgap of Cs2KBiCl6 is 4.00 eV, which reduced to 3.42 eV and 2.57 eV for

Cs2KBiBr6 and Cs2KBiI6. Analysis of the density of states (DOS) reveal that, for

all three compounds valence band and conduction band are mainly contributed by

the Bi atoms and the corresponding halogen atoms (Cl, Br, I). The broad optical

absorption and optical conductivity regions for all the three compounds lie in an

energy range of 4 to 12 eV. The thermal and electrical conductivities were found

to increase with temperature. The positive values of Seebeck coefficient reveal the

p-type semiconductor nature of these double perovskites. At room temperature, the

values of Seebeck coefficient are 210 µV/k, 200 µV/k and 230 µV/k respectively for
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these studied compounds. The maximum values of the figure of merit are 0.86, 0.91,

0.85 for Cs2KBiCl6, Cs2KBiBr6, and Cs2KBiI6, respectively. The high optical ab-

sorption and optical conductivities, high electrical conductivities, positive Seebeck

coefficient, and the optimum figure of merit make these compounds suitable for op-

toelectronic and thermoelectric applications including ultraviolet sensors, detectors,

light emitting diodes, thermoelectric generators and coolers.
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